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Answer ALL Questions. All question carry equal marks,
1. a) (i) If fis Riemann integrable on [a, b] and F{x) =J': f(t)dt, fora <x < b, then

prove that F is continuous on [a, b]. Further if { is continucus at xo, where
Xo€[a,b], then prove that F is differentiable and F’(x¢)=f(x).

OR
(ii) If f () and > €  (a) on [a .b], then prove that f1+ 6 (a). (5)

b) (i) Prove that f € R({a) on [a, b] if and only if for every € >0, there exists a partition
P such that U(P, f,a) — L(P,f.a) < €.

(ii) If f is monotonic on [a, b] and if i is continuous on [a, b], then prove that f €
(a). (8+7)

OR

(111) Assume @ increases monotonically and @' ¢ % on [a, b]. Let f be a bounded real
function on [a,b]. Then prove that f € ! (a) if and only if fa ¢ .In that

case J, fda = [ fO)a' (x)dx.
(iv) State and prove the fundamental theorem of calculus. (9+6)

2. (a) (i) Let a be monotonically increasing on [a,b] ,then fe(a)on [ab], for

n=1,2,3,.. and suppose f, — f on [a,b]. Then prove that fe(a)on [a,b]and

b

[ fda = ligﬁ fda . (3)

a

OR

(i1) Ilustrate with an example that the limit of the integral need not be equal to the
integral of the limit. ®))

(P.T.O)



(b) (i) Suppose {f,} is a sequence of functions, differentiable on [4,6]and such that {f (x,)}
converges for some point x,on[a,b]. If {',} converges uniformly on[a,5], then

prove that  {f} converges uniformly on [46] , to a function f ,and

fH(x)=lim ', (x)(a < x<b).

(i1) Prove that the sequence of functions {f,} defined on E, converges uniformly on E if

and only if for every ¢>0there exists an integer N such thatm>N ,n>N, x¢E
implies |/, (x)-f(x)|<e. (8+7)

OR
(ii1) State and prove Stone- Weierstrass theoren. (13)

3a) (i) Let = {gg, @1, 0z, ... } be orthnormal on | and assume that f € L*(I). Define two
sequences of functions {s,, ) and {t,} on 1 as follows: s,(x)=
D=0 k@ (1) ta(x) = Tizo br@i(x) where ¢ = (fpp(x) for k =0, 1, 2...
and by, by. by ... are arbirary complex numbers. Then for each n, prove that Il f —
sall = ||f — tall-

OR
(i1) State and prove Parseval’s formula. ®)]

b) (i) State and prove Riesz-Fischer theorem.

(i1) Prove that for each real B and f e L(I), Iimfz_.,yjJ f(t)sin(at + g)dt = 0. (9+6)
OR
Gii) If g is of bounded wvariation on [0, 4]

, then prove

. 5 '
thatl Im“"”f?-{; g(t}S‘!J:a: gt = 5 (0+).

(iv) Assume that f € L|0,2m| and suppose that f is periodic with period 2. Let {s,}
denote the sequence of partial sums of the Fourier series generated by [, s,,(x) =

%:3—1- Yr-olagcoskx + (b,sinkx] , 0n=12,...Then prove that s,(x)=
%f; m——j-]:’riﬂ D, (t)dt where D,, is called Dirichlet’s Kernel. (8+7)

4. a) (i) If A, BeL(R". R™)and c is a scalar, then prove that, 14 + B|| < llA|| + IB]| and
leA]l = |elllAll.

OR

(i1) State and prove the fixed point theorem for a complete metric space. (5)



b) (i) State and prove the inverse function theorem.
OR

(i1) State and prove the implicit function theorem. (15)

5.(a)(i) Graph the circle given byx* + y* = 1. Using the graphical approach, determine
parts of the graph that have inverses and algebraic approach, find invertible
formulas and cases converting x to y.

OR

(ii) Suppose that a cup of tea starts out at 98°C and that the conference room you are
in is at a temperature of 72°C and suppose that after three minutes, the tea
temperature has dropped to 90°C. The conference session is to go on for some
time. How long will it take for tea to cool down to 80°C? (5)

(b) (1) Derive D’ Alembert’s approach toward characterizing solutions of the vibrating
string
OR

(i1)Derive the heat equation. (15)
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